Abstract. We discuss the fibre bundle of co-adjoint orbits of compact Lie groups, and show how it admits a compatible Kähler structure. The case of the unitary group allows us to reformulate the geometric framework of quantum information theory. In particular, we show that the Fisher information tensor gives rise to a structure that is sufficiently close to a Kähler structure to generalise some classical result on co-adjoint orbits.
Introduction
The geometric description of finite dimensional quantum mechanics is an application of the Lie theory of the unitary group that gives rise to a number of nontrivial insights on a fairly established area of symplectic geometry. As argued by the authors in [5] and [6, 7, 8] , the theory of co-adjoint orbits of compact Lie groups provides a natural environment to reformulate and answer questions in quantum mechanics and information theory.
The spaces of pure and mixed quantum states are linked to the (co-)adjoint orbits of the unitary group in the same way complex projective spaces are a model for pure states, i.e. projectors, and closed systems evolve unitarily, so that conservative dynamics is phrased 1 in terms of the (co-)adjoint action. The natural geometric structures that exist on such orbits have a direct interpretation in quantum mechanics and information theory -the Berry phase is related to the symplectic structure on orbits. We argue that the reverse is also true, i.e. the symplectic and Kähler geometry on the orbits can be obtained by analyzing the behavior of physical systems.
In [6] we began the study of the quantum Fisher information tensor (FIT) -a multiparameter generalisation of the Fisher information index [7, 8] -and we clarified its relationship with both the Konstant-Kirillov-Souriau symplectic form Ω (η 0 ) KKS on a coadjoint orbit O (η 0 ) , and with the quantum Fisher information metric. The definition of FIT is borrowed from physics and has no a priori analogue in terms of abstract Lie theory and symplectic geometry.
The motivation that lead to it was to find a way to properly define and compute the Fisher information index in full generality 1 , to then proceed to solve the Fisher information optimisation problem for quantum measurements. Since the new redefinition of the FIT is natural from the point of view of the orbit theory, we argue that it might also play a role in a more abstract geometric sense.
In this note we review the theory of symplectic fibrations and extend this construction to a certain strict class of Kähler fibrations where the total space is also Kähler. This will allow us to describe the geometry of quantum states in terms of strong Kähler fibrations of coadjoint orbits, with respect to which the Fisher information tensor is compatible in a natural way.
We prove that the FIT is a Kähler structure only on degenerate orbits, but it is not far from one. This suggests the definition of a more general geometric structure than Kähler -we call it a Fisher-Kähler structure -where the compatibility between a Riemannian metric and a symplectic form is ensured only up to diagonal rescalings; one could say in a multi-projective fashion. On degenerate orbits, i.e. complex projective spaces, it reduces to (a multiple of) the Fubini study metric; we think of the FIT as its generalisation in this sense.
This structure is likely relevant in the context of geometric quantisation, where the integrality of symplectic structures is crucial and where one might thus be able to distinguish between structures by providing another nontrivial invariant. We argue that the alternative symplectic form coming from the Fisher tensor contruction might give rise to different pre-quantisations, the study of which -although not be presented here -might lead to new insights for the geometric quantisation of co-adjoint orbits.
The paper is organised as follows. In Section 1 we define the relevant geometric background we will use throughout, and introduce the notion of Symplectic and Kähler fibrations. We will use a stricter version of Kähler fibration than done elsewhere, which will be directly adaptable to the main case addressed in this paper. In this section we also define the notion of Fisher structure as a scaling-dependent generalisation of complex structures and analyse its linear model.
In Section 2 we turn to the theory of co-adjoint orbit of compact Lie groups, showing how they provide a natural example of strong Kähler fibrations. We will introduce the main constructions that will be needed in the rest of the paper. Section 3 is devoted to the case G = U(n), which will model quantum mechanics and the spaces of states. We will show how fibrations of co-adjoint orbits can be seen as a nesting of spaces of mixed states and how the formalism allows us to understand the Fisher information tensor on such fibrations.
Generalities of symplectic and Kähler fibrations
In this section we review the construction of fibre bundles and connections in the symplectic and Kähler framework. The construction of symplectic fibrations reviewed in here can be found, for instance, in [11] . Some of the definitions and results regarding Kähler fibrations are borrowed from [1] , and some others are new. (1) The fibres are symplectic manifolds (
(2) The transition maps:
are symplectomorphisms of the fibers.
A natural question to ask is whether there exists a two-form ω on the total space M that restricts to the symplectic forms on fibres. This suggests the following Definition 1.2. A 2-form ω ∈ Ω 2 (M) on a symplectic fibre bundle F ֒→ M → B is called fibre-compatible if the following condition is satisfied:
where ι F denotes the inclusion of any fibre F into M. Definition 1.3. (Strong symplectic fibre bundle). A symplectic fibre bundle is called strong if it admits a fibre-compatible form that is also symplectic.
Given a general section of the tensor bundle of the total space of a fibration with connection (F, M, B, ∇), we will ask that it be compatible with the horizontal distribution defined by the connection. This will turn out relevant for the main constructions in this paper. 
Then, A is said to be ∇-compatible if A| F is a tensor on T (k,l) F and the connection ∇ induces a splitting of A:
where A| ∇ is the tensor restricted to the horizontal distribution induced by ∇. Definition 1.5. Let M → B be a fiber bundle with typical fiber F . If M admits a complex structure J, it will be called fibre-compatible if its restriction to the fiber J| F is a complex structure on the fibres. Lemma 1.6. Let J ∈ T (1,1) (M) be a complex structure on the total space M of a fiber bundle with connection (F, M, B, ∇). J is fibre-compatible iff it is ∇-compatible and dim(B) = 2p. Moreover, J| ∇ is a linear automorphism of the horizontal distribution defined by ∇, such that J| 2 ∇ = −I. Proof. Assume J fibre compatible. The connection ∇ defines a splitting of T M ≃ T F ⊕ Hor ∇ . Above each point m ∈ M one can write J in block form as
we conclude that necessarily K = 0 and Z 2 = −I. Let now J be ∇-compatible, i.e. J is block diagonal J = diag{J| F , J| ∇ }. Then from J 2 = −I, knowing that B (and therefore F ) is even-dimensional we immediately prove the statement. Now we recall the notion of symplectic connection [11] , which encompasses a more restrictive compatibility condition between the symplectic structure on fibres and the parallel transport along the connection on the fibre bundle. The following definition and subsequent theorems (see [11] for more details) clarify this picture. Definition 1.8. Given a symplectic fibre bundle M → B with fibre-compatible two-form ω ∈ Ω 2 (M), a connection ∇ is called ω-compatible if the following condition holds:
where Ver ω denotes the symplectic orthogonal space to Ver.
The following observation connects Definitions 1.4 and 1.8.
Lemma 1.9. Let ω be a fibre-compatible two-form on the symplectic fibre bundle M → B.
A connection ∇ is ω-compatible if and only if ω is ∇-compatible.
Proof. Consider an ω-compatible connection ∇, i.e. such that Hor ∇ = Ver ω . Then ω naturally splits as ω| F ⊕ ω| ∇ since ω(v, w) = 0 whenever v is vertical and w horizontal.
On the other hand, if ω is ∇-compatible it splits and every vertical vector field will annihilate all horizontal ones. Since ω is fibre compatible, it is nondegenerate on Ver, showing ω-orthogonality of the horizontal and vertical subspaces, and thus ω-compatibility of the connection.
In particular the fundamental result relating symplectic fibrations and symplectic connections is the following. (1) If it comes equipped with a fibre-compatible form ω, then this defines an ω-compatible symplectic connection ∇ ω if and only if ι v 1 ∧v 2 dω = 0 for any two vertical vector fields v i ∈ Γ(Ver). (2) If the fibres are compact, connected and simply connected and if it comes equipped with a symplectic connection ∇, then there exists a unique fibre compatible, ∇-compatible closed two-form ω ∇ that satisfies the condition
Moreover, any fibre-compatible, ∇-compatible closed form ω is of the form ω = ω ∇ + π * ω B for a given closed form ω B ∈ Ω (2) For the proof of existence and uniqueness of ω ∇ we refer to [11] . Assume that ω is a closed fiber-compatible and ∇-compatible 2-form on M. Then contraction with any vertical vector annihilates the difference ω − ω ∇ for they coincide on the fibers: ι v ( ω − ω ∇ ) = 0, and since they are both closed we have
This implies that the difference of two fiber-compatible, ∇-compatible closed forms must be basic, i.e. ω − ω ∇ = π * ω B .
Corollary 1.11. Every symplectic fibre bundle admitting a closed fibre compatible form also admits a symplectic connection. In particular when the fibre bundle is strongly symplectic.
Proof. This is a direct consequence of condition ι v 1 ∧v 2 dω = 0, ensured by the closedness of ω.
Remark 1.12. Notice that to construct a fibre-compatible form we may use partitions of unity on real smooth manifolds, but it fails in the complex setting.
Let us recall now some notions from Kähler and Hermitian geometry. (h +h). So that
Whenever dω = 0, h will be called a Kähler structure, the Hermitian manifold (M, h) will be called a Kähler manifold, g and ω respectively a Kähler metric and form. Remark 1.14. When h is a Kähler structure, the induced (1,1)-form is in fact symplectic: nondegeneracy of ω is guaranteed by that of h. 
where (z, ξ) are adapted coordinates for M and
The previous definition is used in [1] , for instance. However, we will work with a stronger version of a Kähler fibration, in the spirit of Definition 1.1. (
The symplectic structure associated with K b coincides with the symplectic structure of the underlying symplectic fibration: Proof. Let M → B be a strong Kähler fibration, with (M, K) the global Kähler structure. Since the fibration is strong, the two-form ω on M associated with K, i.e. 2ω = i(K − K), is symplectic. By means of Theorem 1.10, point (1), we know that there exists an ω-compatible symplectic connection ∇ ω , such that T M = Ver ⊕ Ver ω . The restriction to the fibre of the Kähler structure K| F is a Kähler structure on the fibre, and the complex structure J associated with K is therefore fibre-compatible. In particular, J F is an automorphism of Ver and J = J F ⊕ J ∇ω , with J ∇ω an automorphism of Ver ω (cf. Lemma 1.6). We claim that horizontal lifts of vector fields on B give rise to isometries of the fibres. This condition is equivalent to
for all V 1 , V 2 ∈ Ver and w # the horizontal lift of w ∈ X(B). However, g(·, ·) = ω(·, J·) and
for J restricts to a complex structure on the fibres. On the other hand, we know that the connection ∇ ω is symplectic and the horizontal lift of vector fields in B generates symplectomorphisms of the fibres, and Equation (1.2) 
Proof. It is easy to show that, if we denote by g the metric associated with K, i.e. 2g = K + K, and ω the associated symplectic form, 2ω = i(K − K), we have the relation Ver g = J (Ver ω ). This implies Proof. Proving that every strong Kähler fibre bundle is strongly symplectic is trivial, moreover the associated complex structure J is compatible with ω = i(K − K) by construction and it is ∇ ω -compatible as argued in Theorem 1.19. On the other hand, let (F, M, B, ω) be a strong symplectic fibre bundle, with a complex structure J such that ω(J·, J·) = ω. This defines a Kähler structure K on M via standard methods, but to ensure that such K is fibre-compatible, i.e. it restricts to a Kähler structure on the fibres F , we need to require that J be fibre compatible, i.e. that J| F be a complex structure on the fibre.
As a matter of fact, if JVer ⊂ Ver ω , the restriction to the fibre of the bilinear form g := ω(·, J·) might fail to be nondegenerate. Then JVer ∩ Ver ω = {0} and JVer = Ver is a complex structure on F .
Fisher structures.
In this section we propose a definition that will abstract from the example of Section 3. We first look at the local linear model on an even dimensional (real) vector space. Definition 1.22. (Linear Fisher structures) Let V be a 2n-dimensional vector space. A linear Fisher structure is an automorphism J ∈ Aut(V ) such that it is skew-adjoint, i.e. J t = −J and whose square can be diagonalised to:
The space of such structures will be denoted by J F (n). The eigenvalues
are called the roots of the Fisher structure. Remark 1.23. Observe that the crucial feature of a Fisher structure is that J 2 splits R 2n in (at most) n 2-dimensional eigenspaces, and that its eigenvalues are negative. If we are interested in changes of coordinates that preserve a given complex structure on V ≃ R 2n we can look at the space J F (n) as a union of U(n)-spaces (parametrised by diagonal matrices like D). In this sense one can characterise a Fisher structure according to which U(n)-space its square belongs to. This relationship between U(n)-spaces and Fisher structures will be explored elsewhere.
We have the following. 
is a positive rescaling of each vector in Row(QM). Corollary 1.25. The multiplicative group ((R n ) + , ·) acts freely and transitively on J F (n) by block-diagonal left multiplication. Moreover, the unique point of interesection between J F (n) and U(n) generates the whole orbit.
Proof. Proposition 1.24 implies that J F (n) is invariant under the multiplicative action of (R n ) + . Each element J ∈ J F (n) can be obtained by acting (from the left) with a suitable Q on the standard complex structure J 0 in C n . Finally it is easy to see that J 0 is the only matrix in J F which is also unitary, up to change of basis. Theorem 1.26. Let J ∈ J F be a Fisher structure. Then, up to change of coordinates, the matrix representing J in GL(2n, R) has the following form:
Proof. It is easy to observe that the eigenvalues of J are of the form ±id r . Now, by choosing an eigenbasis of C n , we obtain that the projection of J to the direct sum of
The eigenvalues of J are preserved by change of basis, and this concludes the proof.
Definition 1.27 (Fisher structure). Let M be a (2n)-dimensional manifold and J : T M → T M be a linear bundle automorphism covering the identity. We will say that J is a Fisher structure on M if J p :
..n for all p ∈ M, and it is a smooth function of p. 
be the trivial vector bundle over C r with fibre C p . The total, base and fibre spaces are all canonically symplectic with symplectic structure dz i ∧ dz i . It is easy to check that this is a symplectic fibration and that the canonical splitting ∇ : α → (α, 0), is symplectic, with the compatible form ω given by
This is a natural case in which the compatible connection is flat.
It is easy to observe that the Kähler potential G = |z| 2 2 produces the standard Kähler form on C p , C q and C r . Thus the trivial connection is in this case a compatible Kähler connection and the fibre bundle is naturally Kähler, since the canonical complex structure J(z) = iz is trivially fibre compatible. In addition to this, any linear automorphism J P which is obtained by similarity, i.e. J P = P JP , with P diagonal with respect to the fibre compatible basis (so that J 2 = −P 2 , where D is diagonal) is a Fisher structure compatible with the fibration. Example 1.32. Projective spaces. Let
If (z i , ξ i ) are adapted coordinates subordinated to an open U i , the local Kähler potential
produces the Fubini-Study Kähler form on CP p , CP q and CP r . If (z i , ξ i ) are adapted coordinates subordinated to an open U i , the local Kähler potential
is fibre compatible. Example 1.33. Symplectic vector bundles. A natural extension of Example 1.31 arises when we consider a vector bundle π : E → M such that there is a form Ω ∈ Γ( 2 E * ) which restricts to a symplectic form on E x , for all x ∈ M. In other words, these represent symplectic fibrations with linear fibres. This linear version includes the tangent bundle of a symplectic manifold T M → M and the bundle E ⊕ E * → M, for a given vector bundle E → M. The symplectic orthogonal complement of the fibres gives an Ω-compatible connection, following definition 1.8. The fibres are symplectic by using the canonical symplectic form for cotangent bundles and a splitting of 1.3 gives rise to a splitting of 1.4. This indeed equips 1.4 with a symplectic fibration structure (see e.g. Theorem 2.1.1 in [11] ). Remark 1.35. The examples above are particular instances of structures which are compatible with the fibre structure and an associated horizontal distribution. In particular, the Fisher structure in Example 1.31 is fibre compatible by construction. This example will be further generalized for the case of a Fisher structure on the fibre bundle of coadjoint orbits.
Fibre Bundle of Coadjoint Orbits
In this section we will analyse examples of fibre bundles, where the total and base spaces are co-adjoint orbits of the action of a Lie group on its dual Lie algebra.
We will approach the (symplectic) geometry of co-adjoint orbits via the principal bundle perspective [11] . Unless stated otherwise, we will let G be a compact, semisimple Lie group, and g its Lie algebra.
G naturally acts on the dual g * , via the co-adjoint action, and every orbit of this action is the base space of a principal bundle, labeled by an element of the Cartan subalgebra ρ 0 ∈ t ⊂ g:
where H (ρ 0 ) is the stabilizer subgroup of ρ 0 . Observe that the tangent map ad : g −→ T ρ 0 O (ρ 0 ) equivariantly identifies tangent vectors with vectors in the Lie algebra. In fact, there is an
and
and a point ρ ∈ O (ρ 0 ) , the bilinear form
where K, H ∈ g, is skew symmetric, nondegenerate and equivariant with respect to the coadjoint action. Because of the identification of tangent vectors with Lie algebra elements, this bilinear form yields a symplectic structure on O (ρ 0 ) : 
It is a known result [4, 18] that the second cohomology group of a homogeneous space as such is isomorphic to the Cartan subalgebra of the group, i.e. H 2 (G/H) ≃ t. The choice of an element in the Cartan subalgebra fixed an isomorphism G/H (ρ 0 ) ≃ O (ρ 0 ) and a particular class in H 2 (G/H).
Fibrations of orbits.
If we now choose two elements of the Cartan subalgebra η 0 , ρ 0 ∈ t, with the condition that h (ρ 0 ) ⊃ h (η 0 ) , we can construct the associated bundle
is a fibre bundle over O (ρ 0 ) with fibre H (ρ 0 ) /H (η 0 ) , i.e. we have the following sequence of homogeneous spaces:
In particular, we have the splittings
. The tangent spaces (we will consider them at the reference points) are isomorphic to the normal complements n (η 0 ) and n (ρ 0 ) respectively. Above each orbit we can construct a tautological bundle as follows: 
The tautological bundle is by construction an equivariant vector bundle. Whenever an orbit is the total space of a fibration as in Equation (2.3), its tautological bundle splits.
be a fibration of orbits. The tautological bundle associated to the orbit O (η 0 ) splits as:
where
is a vector sub-bundle whose typical fibre is isomorphic to h
Proof. We know that the (equivariant) splitting of the Lie algebra induced by ρ 0 , i.e.
, induces a splitting in the typical fibre of the tautological bundle n (η 0 ) , also equivariant:
with η = Ad g η 0 . As a matter of fact, defining V
h (η 0 ) we get Equation (2.4), as the splitting is equivariant, identifying N
be a fibration of orbits. This comes equipped with an Ehresmann connection
with η ∈ O (η 0 ) which restricts to the Bott connection on (the annihilator of ) the vertical distribution, under the identification induced by the symplectic structure:
η is the annihilator w.r.t. the Killing form. Proof. By equivariance of the construction of the fibration of orbits (and of the Lie algebra splitting) we can read eq. g = h (ρ 0 ) ⊕ n (ρ 0 ) , together with the condition n (ρ 0 ) ⊂ n (η 0 ) as the definition of an Ehresmann connection. As a matter of fact, acting with the group G on the tangent space is equivalent to acting on the Lie algebra with the adjoint action, and this makes it possible to promote equation (2.4) to
Then, using the (equivariant) morphism ad
with L the Lie derivative, for all η ∈ O (η 0 ) . As a matter of fact, for V ∈ h
, one gets the vectors ad V η ∈ V η and ad N η ∈ N η (respectively vertical and horizontal) and
in virtue of (2.6), and ad [V,N ]g η ∈ N η . On the other hand, since for G compact n (η 0 ) ≃ (h (η 0 ) ) 0 -with respect to the Killing form -we have that Ω (η 0 ) KKS (ad V η, ad N η) = 0 so that the symplectic orthogonal of V η is identified with the Horizontal subspace:
This, in particular, allows us to observe that the Ehresmann connection defined by the choice of Horizontal subbundle restricts to the Bott connection on the annihilator of the vertical distribution.
Proof. The proof is immediate.
Remark 2.6. The tautological tangent bundle splits into the tautological tangent bundles associated to the different orbits in the fibration. As a matter of fact, the fibre of the fibre bundle for co-adjoint orbits is also an orbit
Consider the equivariant map
we have the equivariant splitting (2.10)
, which can be regarded as a vector valued one-form ι
) and identified with the (parametrised) one-form dρ, with ρ ∈ O (ρ 0 ) . The pre-image of ad
is single-valued in n (ρ 0 ) because of the splitting in (2.10). Then we have Definition 2.7. We define a bundle morphism covering the identity
to be the bundle morphism that coincides on each fibre with the adjoint action seen as an endomorphism: ad
Lemma 2.8. We have that
be a fibration of co-adjoint orbits. Then, the map
is ∇-compatible by construction, in fact on each fibre it assigns to each tangent vector its preimage along the adjoint action:
Since the inclusion n
we can conclude that the map Φ (η 0 ) splits accordingly. 
Observe that the right-hand side of this morphism is a co-adjoint orbit of the stabiliser subgroup H (ρ 0 ) , and it is therefore a symplectic manifold. Then, for every X, Y ∈ h
we get that
, meaning that the fibres are symplectic. Proposition 2.4 shows that the horizontal and vertical distributions are symplectically orthogonal, thus proving that there is an Ω KKS -compatible connection, which is symplectic by means of Theorem 1.10 and
In what follows we will show how it is possible to endow the symplectic fibration of co-adjoint orbits of a compatible complex (and Kähler) structure. It is well known [14, 17] that each co-adjoint orbit is independently a Kähler manifold. Here we present the complex structure on orbits via an alternative construction which is adapted to the symplectic fibration we have outlined so far. Theorem 2.11. Every symplectic fibre bundle of coadjoint orbits π :
Proof. Theorem 2.10 shows that the choice of two points in the Cartan subalgebra η 0 and ρ 0 , such that h η 0 ⊂ h ρ 0 , induces a symplectic fibration with connection. The symplectic connection is once again given by the splitting g = h ρ 0 ⊕ n ρ 0 . Observe that n ρ 0 coincides with the elements in g that do not vanish on ρ 0 (under the adjoint action). Assume that η 0 is a generic point in the Cartan subalgebra. Since the group is compact, the stabiliser of such generic point (a maximal torus) is contained in the stabiliser of any other non-generic point ρ 0 , meaning that O (η 0 ) is always the total space of a fibration over O (ρ 0 ) . Moreover, the stabiliser subalgebra of a generic point coincides with the Cartan subalgebra itself, meaning that the associated splitting reads:
where g α are the root spaces, and therefore n η 0 ≃ α g α . Let the vector V α be a basis ofBy construction, then, the Kähler structure given by (
) is compatible with the fibration, i.e. it restricts to a Kähler structure on the fibres and its restriction to the Horizontal bundle is also related to a Kähler structure on the base space via horizontal lift.
Coadjoint orbits and quantum information
In this section we will focus on an important particular example of the construction outlined in Section 2. We will consider the group G to be the n-dimensional unitary group U(n) and we will look at its action on its (dual) Lie algebra u(n) * ≃ iu(n), identified with Hermitian matrices. In particular, we will consider the (stratified) space of positivedefinite trace-one Hermitian matrices, meaning that not all orbits will be suitable for the construction of this chapter.
In this context we will be able to rephrase ordinary finite-dimensional quantum mechanics and translate several objects that are relevant for quantum information theory, such as the quantum Fisher information index (here we interpret a multi-parameter generalisation of it as a symmetric tensor on co-adjoint orbits). A thorough account on this can be found in [6] , while for more on the geometry of the space of mixed states as a stratified space, we refer to [10] .
3.1. Orbit description of mixed states. In quantum mechanics, the concept of a mixed state, i.e. a superposition of pure states, is mathematically formulated as a positive, trace-1 Hermitian matrix ρ, which can be seen as a convex combination of rank-1 projectors. Its eigenvalues are the probabilities that a given measurement will yield the value assigned to the respective element of a basis of the underlying Hilbert space (thus they should sum to 1). Pure states can also be seen as (maximally dengenerate) mixed states, when the probability of finding a state along a given basis element is 1, that is when ρ is itself a projector.
If we identify the space of n-dimensional Hermitian matrices with the dual space to the Lie algebra u(n), using the pairing (X, Y ) = iTr[XY ], we can immediately see that such space bears a representation of U(n) that for all practical purposes will be identified with the co-adjoint action.
A mixed state is then an element ρ ∈ iu(n), positive definite and with trace equal to 1. We denote the space of n-dimensional mixed states by D(n) ⊂ u(n) * . The very fact that Hermitian matrices are diagonalisable is an embodiment of the fact that each and every co-ajoint orbit intersects the Cartan subalgebra in a finite number of points (exactly the cardinality of the Weyl group, in this case S n ). In fact, the Cartan subalgebra of u(n) is the algebra of diagonal (anti-)Hermitian matrices t n and the intersection points are the matrices of (permuted) eigenvalues.
Choosing an ordering of the eigenvalues is equivalent to specifying a (positive) Weylchamber t + ⊂ t n , and that makes the intersection unique. The diagonal representative ρ 0 = diag{λ 1 . . . λ n } is then an element of a positive Weyl chamber and the reference point for the associated co-adjoint orbit O (ρ 0 ) .
Denote by h (ρ 0 ) the subalgebra of Hermitian matrices that commute with ρ 0 . The Lie bracket is given by [A, B] = i(AB − BA). Definition 3.1. Let t + be a positive Weyl chamber in the Cartan subalgebra t n of iu(n). A Λ-mixed state is a positive definite element ρ 0 ∈ t + , such that Trρ 0 = 1, ρ 0 = diag(Λ), Λ = {λ i } i=1...n . The associated co-adjoint orbit O (ρ 0 ) will be called the space of Λ-mixed states.
Remark 3.2. Observe that one does not expect the set of positive, trace-1 diagonal Hermitian matrices to bear a subalgebra stucture in iu(n). Nevertheless, every point in that set -i.e. a mixed state -will belong to the Cartan subalgebra of iu(n), and will therefore single-out an U(n) co-adjoint orbit.
3.2. The Fisher tensor on a single orbit. In this section we will present the construction of the Fisher information tensor on orbits of the unitary group.
Consider the root space decomposition u(n) = t n α∈∆ u α , where u α denotes the root space associated with the root α. A root vector is an element X α ∈ u α satisfying the basic equation ad X α H = α(H)X α for all H ∈ t n . The sum of the root spaces is parametrised by off-diagonal Hermitian matrices, with basis {v ij } of matrices with a 1 in the (i, j) entry (i = j) and zero elsewhere. If we denote by e i functionals on diagonal matrices such that e i (ρ 0 ) = [ρ 0 ] ii = λ i , then a basis of the root system for u(n) is given by {α ij = e i − e j }.
Denote by ∆ ρ 0 the set of roots that do not vanish on ρ 0 , i.e. α(ρ 0 ) = 0 and, dually, by R ρ 0 the set of root vectors whose adjoint action on ρ 0 does not vanish, i.e. ad X α ρ 0 = [X α , ρ 0 ] = 0. We have that α ∈ ∆ ρ 0 ⇐⇒ X α ∈ R ρ 0 . The span of all vectors in R ρ 0 generates n (ρ 0 ) so that α ij ∈ ∆ ρ 0 ⇐⇒ v ij ∈ n (ρ 0 ) . Recalling Definition 2.7 for the map D (ρ 0 ) , its action on the basis {v ij } reads
The reason for this rewriting of the adjoint action will be clear considering the following Lemma 3.3 ( [6, 8] ). Let ρ 0 be a Λ-mixed state and A ∈ n (ρ 0 ) . Equation where {A, B} = AB + BA, has a unique solution X ≡ L ρ 0 (A) ∈ n (ρ 0 ) for all A ∈ n (ρ 0 ) . This defines an endomorphism L ρ 0 : n (ρ 0 ) −→ n (ρ 0 ) and consequently a bundle morphism
. In a basis of off-diagonal Hermitian matrices the map L ρ 0 reads
Remark 3.4. Observe that the condition λ i +λ j = 0 implies λ i = λ j = 0 and we have that the domain of L is restricted, i.e. v ij ∈ n (ρ 0 ) . Moreover, the pairwise sums of eigenvalues More generally, analysing the topological aspects of manifolds that admit a global Kähler-Fisher structure might give interesting insights on the geometry of Kähler manifolds and homogeneous spaces.
